We show that noncommuting electric fields occur naturally in noncommutative gauge theories. Using this noncommutativity, which is field dependent, and a hamiltonian generalisation of the Seiberg-Witten map, the algebraic consistency in the lagrangian and hamiltonain formulations of these theories, is established. The stability of the Poisson algebra, under this generalised map, is studied.
Snyder's [1] old idea that spatial coordinates do not commute has undergone a recent revival due to its appearance in string theory [2] . Inspired by this fact, several papers have appeared discussing different aspects of quantum mechanics and field theory on noncommutative space [3] .
There are, however, some issues which have received less attention than others. For instance, only a few papers [4, 5, 6, 7] discuss the hamiltonian treatment of noncommutative gauge theories. Indeed one possible approach to study these theories is to exploit the Seiberg-Witten map [2] that yields a commutative equivalent to the original noncommutative theory. However this transition is done at the level of the lagrangian. Also, nonabelian theories [6, 8] have not been that widely studied as their abelian counterparts. The issue of algebraic consistency among the various approaches is left open.
In this paper we show that noncommuting electric fields occur in noncommutative gauge theories, mapped to their commutative equivalents by the Seiberg-Witten transformation. This algebra is used to obtain the equations of motion from the hamiltonian.Its equivalence with the lagrangian equations of motion is established. By a suitable redefinition, we show that both the lagrangian and hamiltonian can be put in the usual form as the difference or the sum of the squares of the electric and magnetic fields. The entire effect of noncommutativity is shifted to the nontrivial algebra among these fields. A hamiltonian generalisation of the Seiberg-Witten map is obtained. This is used to show that the commutative equivalents obtained either from the noncommutative lagrangian or hamiltonian are compatible. The stability of the Poisson algebra among the electric and magnetic fields, under this map, is examined. Our analysis is for Yang-Mills theory with U(N) gauge group, including, in particular N = 1 (i.e. Maxwell's theory).
The ordinary Yang-Mills action is given by,
where the nonabelian field strength is defined as usual,
in terms of the gluon field,
Here T a are the generators of a U(N) gauge group satisfying,
The noncommutative generalisation of this theory involves the star product of the noncommutative field strengthF µν , expressed in terms of the fieldÂ µ ,
so that,Ŝ
where the second equality follows on using the definition of the star product,
and dropping boundary terms. Here θ µν is a real and antisymmetric constant matrix. To first order in θ it is possible to relate the variables in the noncommutative spacetime with those in the usual one by the map [2] ,
where the covariant derivative is defined as,
On applying this map, the action (6) is written in terms of an effective theory comprising the usual variables [9] ,
The above form is further simplified by dropping a boundary term that does not affect the equations of motion, to yield the following lagrangian, expressed solely in terms of the field strength,
In this form the gauge invariance of the theory under the usual gauge transformations (δA µ = D µ α) becomes manifest. We now carry out a hamiltonian analysis of this theory. In order to avoid higher order time derivatives , henceforth θ αβ will be chosen to have only spatial components so that θ 0α = 0 and θ ij = ǫ ijk θ k . Also, the ensuing analysis will be confined to the leading order in θ only. Since the lagrangian is written in terms of the field strengths, it is possible to work with the electric and magnetic fields, exactly as happened in the case of the abelian theory [10] ,
In terms of these variables, the effective lagrangian (12) becomes,
The canonical momenta π a µ , conjugate to A µa , are found to be, π a 0 = 0 (15) which is the primary constraint of the theory, while the true momenta are,
Since the canonical variables are (A i , π i ), it is useful for later convenience to invert the above relation and solve the electric field in terms of the momenta,
The hamiltonian is now obtained in the usual way by a Legendre transform,
Time conservation of the primary constraint yields a secondary constraint. For that it is essential to express the hamiltonian in terms of the canonical variables. In this case it is obvious from (14) and (17) that the dependance of the hamiltonian on A 0 has been isolated completely. The secondary constraint is therefore the usual Gauss constraint,
It is also possible to verify that no further constraints are generated by this iterative prescription. As expected, there are only first class constraints in the theory, which annihilate the physical states of the theory. The physical hamiltonian; i.e. the hamiltonian acting on the physical states, is thus given by dropping the second term of the last expression in (18). Using (14) and (16) in (18), we get,
which has a very similar structure as the effective lagrangian (14) . Note also that setting the noncommutative parameter to zero reproduces the standard expression for the Yang-Mills theory. For the abelian theory, the above form was obtained and discussed in [11] . The positive definiteness of the above hamiltonian is not manifest. It is however possible to redefine the electric and magnetic fields,
so that the hamiltonian, in these variables, becomes,
It is now structurally identical to the hamiltonian for the ordinary Yang-Mills theory. The entire effect of noncommutativity will be shifted to the nontrivial algebra among the electric and magnetic fields, a point which we shall consider in some details later. Also note that in these variables, the lagrangian (14) has the form of the usual Yang-Mills lagrangian,
We shall now consider the lagrangian following from the action (6) in the original hat variables and obtain the hamiltonian. Then using the map (9), we will reproduce the result (20). This will serve as the first step in our consistency check. A hamiltonian analysis of (6) has also been done in [6] . The definition of the canonical momenta leads to a primary constraint,π a 0 = 0 (25) and,π a i = −F a 0i =Ê a i (26)
The hamiltonian follows from the Legendre transform and the use of certain symmetry operations,Ĥ
where the (hat) covariant derivative is defined as,
Here the anticommutators involve the star multiplication. The above equation defines the Gauss operator, whose vanishing yields the secondary constraint. As done earlier we pass to the physical sector by imposing this constraint. In terms of the (hat) electric and magnetic fields, the hamiltonian reduces to,
It should be pointed out this is an exact result valid to all orders in the expansion parameter θ. To compare with (20), we use the map (9) . Then it would be useful to recast this map in terms of the electric and magnetic fields,
which leads to,
Using (32) and (33) in (29), and dropping boundary terms, the effective hamiltonian (20) is reproduced, as announced earlier.
The relations (17) and (26) connecting the electric field with the momenta, together with (30), provide a map between the momenta in the noncommutative space and the ordinary one,π
which may be regarded as the hamiltonian generalisation of the usual Seiberg-Witten map (8) . This result is true for any dimensions. If we specialise to 3 + 1-dimensions, it simplifies to,π
while in 2 + 1 dimensions, with θ lm = ǫ lm θ, it is even simpler,
We shall next discuss the equivalence of the equations of motion obtained in the lagrangian and the hamiltonian formulations of the effective theory. Since all the essential features are contained in the abelian version itself, henceforth we confine to this case. It also simplifies the algebra and permits a quick check with existing results [10] . The equations of motion obtained from the lagrangian (12) can be expressed in terms of a displacement field D and a magnetic field H as [10] ,
We now reproduce these equations in the hamiltonian formulation. The first of these equations is just the Gauss constraint (19). This is easily verified by looking at the definition of the canonical momenta (16) and identifying it with the displacement field D. Effectively (38) is the genuine equation of motion since it involves the accelerations. To obtain this equation it is first necessary to derive the algebra among the electric and magnetic fields. Using the definition (17) of the electric field in terms of the canonical variables, it is possible to get the complete algebra,
and the derivative operator has been absorbed in,
Apart from (41), the other two brackets involve correction terms which vanish with the vanishing of the expansion parameter. In particular, the electric fields become noncommuting. Moreover, since this noncommutativity is field dependent, it is essential to verify the Jacobi identity for the complete algebra. Those involving three B terms are trivially zero. The Jacobi involving three E terms is also trivial, since the terms are of O(θ 2 ). The one involving two B terms and one E term is also zero, as may be quickly verified by simple inspection. The only nontrivial check involves two E terms and one B term. Some amount of algebra is now required. We find,
(46) The other double bracket is obtained by interchanging i with j and x with y, so that a total of six terms emerges from this algebra. There is an exact one to one cancellation of these terms with the six terms obtained from the final B − E − E double bracket, so that the Jacobi identity is satisfied.
Having obtained the complete algebra, the equations of motion for the magnetic and electric fields are obtained by bracketing with the hamiltonian (20). It yields,
where,
and H has been defined in (40). The first of these equations is the standard Maxwell equation, which is a consequence of the definition of the electric and magnetic fields in terms of the field tensor. The second equation gives a complicated time evolution for the electric field, where the correction terms to the usual Maxwell equation have been isolated. Note that in the limit of vanishing θ, the ordinary Maxwell equations are reproduced, as expected. It is now possible to express the additional M term in (48) as a total time derivative. To do this the curl of the E field is replaced by the time derivative of the B field by using the identity (47). The curl of the B is likewise replaced by the time derivative of the E field since any correction to this Maxwell equation must involve terms of O(θ) leading to terms of O(θ 2 ) in M, that can be ignored. Thus we find,
It is now trivial to reproduce (38). This completes our demonstration of the equivalence of the equations of motion obtained in the lagrangian and hamiltonian formulations.
It may be recalled that we had introduced redefined electricĒ (21) and magneticB (22) fields in terms of which both the lagrangian (24) and hamiltonian (23) assumed the same structures as in the usual theory. The equations of motion in these variables, as well as their algebra, can be easily obtained from our results.
Finally, we consider the issue of the stability of the Poisson algebra among the electric and magnetic fields under the transformation (30) and (31) and the algebra (41), (42), (43). In the hat variables, the electric field is the momenta (26) conjugate to the potential A i , so that,
Now these brackets are computed in a different way. Using the map (31) and the algebra (41), the first equality in (51) is trivially verified. Similarly, from (30) and the algebra (43), we find,
where, upto O(θ), the transition to the second equality is valid on account of (17). The bracket is thus proportional to the Gauss constraint, so that on the physical sector, the second equality in (51) is obtained. A nontrivial result is obtained for the last bracket,
which differs from (52) by a total derivative. The instability in the algebra is not surprising. It is a manifestation of the fact that the equations of motion in the hat variables do not map to the usual ones by the Seiberg Witten transformation. A simple way to see this is to note that the Gauss operator (28) in the noncommutative space does not map to its commutative equivalent (19) by this transformation. To conclude, we have shown that noncommuting electric fields, which are a natural consequence of noncommutative gauge theories, are essential to correctly reproduce the equations of motion in the hamiltonian formulation. This may be interpreted as a sort of distortion in noncommutating electrodynamics. Something similar happens when the plane waves of the commuting Maxwell theory get distorted in noncommutating electrodynamics [10, 12] , leading to a violation of the superposition principle [13] . It was possible, after a suitable change of variables, to express both the lagrangian and hamiltonian in the form of usual gauge theories, with the complete effect of noncommutativity relegated to the nontrivial algebra. Although noncommuting electric fields have appeared earlier-as for instance in topologically massive gauge theories [14] or in anomalous gauge theories [15] -here these are field dependent, in contrast to the examples cited. The validity of the Jacobi identity therefore serves as an important check on the algebraic consistency.
